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Singularly Continuous

e Asingularly continuous function is a
continuous function that has a zero derivative
almost everywhere.

e The distributions which are continuous but
with no density function are said to be
singular.

* An example is the Cantor function.
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Constructing the Cantor Set
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Continue this process...

C= |<=1Ck



The length of the Cantor Set

he first set removed is 1/3.
he second set removed is 2/9.

ne third set removed is 4*1/27=4/27.
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ne total length removed is %i

So the Cantor set, the set of points not
removed, has “length”.

Lebesgue measure of the Cantor set is



The Probability of Cantor Set

e C,is %-°33* which has two pieces, each with
probability 1/3, and the whole set C, has
probability

e C,is c-jogluzslv2e] 51 which has four pieces,
each with probability 1/9, and the whole set
C, has probability

At stage k, we have a set C, that has 2* pieces,
each with probability 1/3% and the whole set
C, has probability
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Random Variable

. ) 1l,ifw, =H
* Fron=1,2,..., we defineY.(«) = {o,ifm“ _

e The Probability for head on each toss is p=1/2.
> 2y

e Define the random variable Y = Z
n=1
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Y =

=2V 2V, 2V, 2,
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e Case 1.1: Y,=0 with probability = 1/2
— Minimum: Y,=Y;=....=0 = Y=0
— Maximum: Y,=Y,=...=1= Y=1/3
= o0<vss

e Case 1.2: Y,=1 with probability = 1/2
— Minimum: Y,=Y,=...=0 = Y=2/3
— Maximum: Y,=Y;=....=1= Y=1
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e Case 2.1:Y,=0 and Y,=0 with probability =

1
— O‘C_:Y‘C_:a

* Case 2.2:Y,=0and Y,=1 with probability = %

2 1 0
= Y=g y
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* When we consider the first n tosses we see that
the random variable Y takes values in the set C...

v 52, _
. _Z;—y can only take values in the Cantor
set C=() .C, .
n=1



Does Y have a density?

If Y had a density f...

The complement of the Cantor set:
f=0

The Cantor set C:
C has zero Lebesgue measure, i.e. P(C)=0

1
So fis almost everywhere zero and f f(x)dx = 0
0

The function f would not integrate to one, as
is required of a density.



Does Y have a probability mass
function?

e |fY had a probability mass function...

—For some number X € Cwe would have
PY=x)>0

k
e |If xis not of the form 3—n,for some positive integers kandn
KH

. k :1=13n
e |f xis of the form 3—n,for some positive integers k and n

— x has a unigue base-three expansion x= X, =0,1,2.

— X has two base-three expansions.

?—2+1+0+0+0+ —2+0+1+1+1+
9 3 9 27 81 243 39 27 81 243
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Does Y have a probability mass
function? (cont.)

* |n either case, there are at most two choices
of weQ,, for which Y(w) = x

* |In other words, the set{weQ; Y(w) = x} has
either one or two elements.

 The probability of a set with one element is
zero and the probability of a set with two
elements is 0+0=0.

=) P(Y =x} =0

== Y cannot have a probability mass function.
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Cumulative Distribution Function

e The cumulative distribution function F(x) = P{Y < x}
- 0 . s 1
satisfies —y 0=0

1 2

1 2 3 7 8
F(x) =—for—-<x<—-,Fx)=—for—<x< -
9 4 9 9
1 1 2 3 7 8
Fx)==—for —<x<—,F(x)==for —<x<—,
8 27 27 3] 27 27
5 19 20 7 25 26
F(x) =—for—<x<—,F(x)==for —< x < —,
o 27 27 8 27 27
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Cumulative Distribution Function

e P{Y=x} =0 for every x, Fis continuous.
® F'(x) = 0foreveryx € [0,1]\C,which is almosteveryx € [0,1].

e A non-constant continuous function whose

derivative is almost everywhere zero is said to
be singularly continuous.
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A Singularly Continuous Function
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Fig. A.3.1. A singularly continuous function.
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Singularly Continuous

e Asingularly continuous function is a

continuous function that has a zero derivative
almost everywhe

* An example is the
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